We investigate inflationary cosmology by solving the effective action of the M-theory, which consists of the 11 dimensional supergravity and quartic terms of the Weyl tensor. The metric is simply expressed by two scale factors, one for the spatial directions and the other for the internal directions. Since the effective action of the M-theory is constructed perturbatively, we also solve the equations of motion perturbatively. We will show that the classical solution of the 11 dimensional supergravity does not represent the inflationary expansion, but if we include the quantum corrections, the behavior of the solution around the very early time is modified and the inflationary scenario is realized. The inflation naturally ends when the scalar curvature becomes small and quartic terms of the Weyl tensor are negligible.
Introduction
Inflationary scenario in the very early Universe provides resolution to the problems of big bang cosmology, such as flatness problem and horizon problem [1, 2, 3, 4] . Numerous models have been proposed to describe the inflation, and many of them have introduced inflaton fields which slowly roll down potentials to realize de-Sitter like vacua [5] - [9] (see also [10] - [14] and references there). The origin of the inflaton field is not clear, but there are models in which the inflaton potentials are inspired by D-branes in superstring theory [15] - [20] (see also [21] and references there). Also there are a lot of models where the inflation is realized by modifying the gravity theory [1, 22, 23, 24, 25] .
Recently, it is possible to restrict models of the inflation by comparing cosmological parameters with the observations of Cosmic Microwave Background (CMB). Especially observational bounds for spectral index n s and tensor to scalar ratio r are measured as n s = 0.968 ± 0.006 [26] and r < 0.07 [27, 28] . Among other models of the inflation, the predictions of the Starobinsky model [1] , which contains curvature squared term in the action, are good agreement with the observations. In fact, it predicts n s = 0.967 and r = 0.003 when the number of e-folds is 60.
Since the curvature squared term in the Starobinsky model is considered as the quantum effect of the gravity, it is natural to ask the origin of the quantum effect in more fundamental theory, such as superstring theory or M-theory. Actually heterotic superstring theory contains Gauss-Bonnet term, and type II superstring theories or M-theory contain quartic terms of the Riemann tensor [29] - [34] . As examples, a study of the inflationary solutions in the heterotic superstring theory was done in ref. [35] , and studies of the inflationary solutions in the M-theory were executed in refs. [36, 37, 38, 39] . They assumed that the scale factor for spatial directions and that for internal ones behave like e Ht and e Gt , respectively, and solved equations of motion to obtain constant values of H and G. There are some solutions which seem to be consistent with the inflationary scenario, but in general it is difficult to obtain solutions after the inflation which are not expressed by the ansatz of e Ht and e Gt .
In this paper, we investigate the effective action of the M-theory which consists of the 11 dimensional supergravity and quartic terms of the Weyl tensor. The metric is simply expressed by the scale factor a(t) for the spatial directions and the scale factor b(t) for the internal directions. Since the effective action of the M-theory is constructed perturbatively, we also solve the equations of motion perturbatively. We will show that the classical solution of the 11 dimensional supergravity does not represent the inflationary expansion, but if we include the quantum corrections, the behavior of the solution around the very early time is modified and the inflationary scenario is realized. The inflation naturally ends when the scalar curvature becomes small and quartic terms of the Weyl tensor are negligible.
The paper is organized as follows. In section 2, we review the effective action of the M-theory, and derive the equations of motion for two scale factors a(t) and b(t). The 10 dimensional space directions are divided into d spatial directions and (10 − d) internal directions. Then we solve equations of motion perturbatively and obtain classical and quantum solutions. In section 3, we examine the case of d = 3 in detail, and show that the inflation occurs in the early stage. In section 4, we study d = 1, · · · , 9 in general, and confirm that the inflationary scenario is universal except for the case of d = 1. Section 5 is devoted to conclusions and discussions. Details of the calculations in section 2 are explicitly given in the appendix A.
Inflationary Solution

Equations of Motion with Quantum Corrections
M-theory is a theory of membrane in 11 dimensional spacetime and its low energy limit is approximated by 11 dimensional supergravity. There is a parameter of Planck length ℓ p in the M-theory, and its effective action is expanded with respect to ℓ p . From the duality between the M-theory and type IIA superstring theory, it is known that the leading correction to the supergravity starts from R 4 terms, which are products of four Riemann tensors. Actually, the bosonic part of the M-theory effective action which is relevant to the geometry is given by [33, 34] is an antisymmetric tensor with eleven indices. Of course, there is a field redefinition ambiguity, so the coefficients of terms which include Ricci or scalar curvatures cannot be fixed. In this paper, we simply deal with the effective action by employing Weyl tensor prescription.
It is confirmed that the W 4 terms are surely invariant under the local supersymmetry if we add appropriate fermionic terms [40] - [46] .
In the above effective action, there are two parameters, the gravitational constant κ 11 and the expansion parameter Γ, which can be expressed as
The Planck length is written by ℓ p = g
1/3
s ℓ s in terms of string length ℓ s and string coupling constant g s . The numerical factor of Γ is determined by employing the result of the 1-loop four-graviton amplitude in the type IIA superstring theory. Since the M-theory effective action contains infinite series of higher order terms with respect to ℓ p , the leading correction (1) is reliable when Γ is small, or in other words, typical length scale of a system is large compared to ℓ p .
Below we consider the equations of motion for the effective action (1) up to the linear order of Γ. By varying the effective action (1), equations of motion are obtained as [47] 
Here D a is a covariant derivative for local Lorentz indices, and X abcd , Y abcd and Z are defined as follows. where X ab = X c acb and X = X a a . Note that X abcd = −X bacd = −X abdc = X cdab and X ab = X ba . It is possible to show that W cdea X cde b = W cdeb X cde a and R cdea Y cde b = R cdeb Y cde a after some calculations, and hence E ab = E ba .
Since we are interested in solutions which would inflate some of spatial directions, we decompose 10 spatial directions into d spatial ones and (10−d) spatial ones. Then the ansatz for the metric is written as
where i = 1, · · · , d and m = d + 1, · · · , 10. Without loss of generality, we choose d = 1, 2, 3, 4 or 5 in the rest of this paper. a(t) and b(t) are scale factors for d spatial directions and (10 − d) spatial ones, respectively. In this paper we regard shrinking directions as toroidal internal space, although it is interesting to compactify the internal space with nontrivial manifolds. Substituting the ansatz (7) into the eq. (3), we obtain differential equations for
Here we defined
Z is given by the eq. (6), and the dot represents the time derivative. The details of the calculations can be found in the appendix A.
Classical Solution
In the following, we will construct the inflationary solution of the eq. (8) are simplified as
From these equations, H and G are solved as
H(0) = H I is an integral constant. Then a(t) and b(t) are solved as [48, 49, 39] 
where a I and b I are integral constants. We assume that the spacetime appears at t = 0 with a(0) = a I and b(0) = b I . Since the value in the parentheses should be positive for 0 ≤ t, we choose 0 ≤ H I for the upper sign and H I ≤ 0 for the lower sign. Thus, a(t) expands and b(t)
shrinks for the upper sign. On the other hand, a(t) shrinks and b(t) expands for the lower sign. Note that, the solution becomes rather special in the case of the upper sign with d = 1,
i.e., a(t) = a I (H I t + 1) and b(t) = b I .
Below we introduce the dimensionless parameter τ as
The range of τ becomes 1 ≤ τ . By using τ , the classical solution is summarized as
As mentioned above a(τ ) or b(τ ) expands as τ increases, but it is different from the inflationary expansion. This is consistent with the no-go theorem which states that it is impossible to describe accelerated expansion of Universe in the framework of supergravity theory[50, 51, 52].
Quantum Solution
Now we solve the equations of motion (8) up to the linear order of Γ. In order to execute this task, we expand H and G around the classical solution (13) as
. (14) h(τ ) and g(τ ) are dimensionless functions with respect to τ . Then by substituting the eq. (14) into the eq. (8) and comparing the linear terms with respect to Γ, we obtain equations for h(τ ) and g(τ ). (We employed Mathematica since calculations are straightforward but tedious.)
is expressed in terms of h(τ ) as
dimensional analysis, it is expected that there are terms of Γ k H 6k+1 I /τ 6k+1 from higher derivative corrections in general. Since we have poor knowledge about terms for 2 ≤ k, we simply consider the region ΓH 6 I ≪ 1 and neglect those terms. Finally a(τ ) and b(τ ) are given like
where a I and b I are initial values of a(τ ) and b(τ ) at τ = 1. The exponential parts come from quantum corrections, and they cause inflation or deflation during 1 ≤ τ < 2. Of course, the above expressions are reliable up to O((ΓH 6 I ) 2 ). If we take into account
terms in the eq. (14), we should add terms like Γ k H 6k I (1 − 1/k 6k ) in the argument of the exponentials in the above. These terms would also contribute to the inflation or deflation, but as long as we consider the region ΓH 6 I ≪ 1, the leading behaviors of the inflation and deflation are well controlled by the solution (18).
Inflationary Solution in 4 Dimensional Spacetime
In this section, we consider 4 dimensional spacetime with 7 internal directions. Namely, we examine the solutions obtained in the previous section by setting d = 3. Since we are interested in the inflationary solution in 4 dimensional spacetime, we also choose the upper sign in the equations in the previous section.
First, the classical solution (13) becomes like
However, this does not represent inflationary expansion in 3 spatial directions. The scale factor behaves like a(t) ∼ t
for large t, so it represents rather a radiation dominant era. . a(τ )/a I is not inflating exponentially. Now we consider the quantum solutions (17) and (18) . By setting d = 3 and choosing the upper sign, H and G are written as
And the scale factors a(τ ) and b(τ ) are obtained as
where a I and b I are initial values of a(τ ) and b(τ ) at τ = 1. The exponential parts come from quantum corrections, and they cause inflation for 3 spatial directions and deflation for 7 internal directions during 1 ≤ τ < 2. The above expressions are reliable up to O((ΓH 6 I ) 2 ), but as long as we consider the region ΓH 6 I ≪ 1, the leading behaviors of the inflation or deflation are well controlled by the solution (21) .
From the eq. (21), the e-folding number N e is defined by
and if we set N e = 60, we obtain ΓH 6 I ∼ 0.014. Then . In other words, the inflation ends naturally when the curvature radius becomes large and quantum corrections are negligible.
On the other hand, the ratio of the scale factor b(τ )/b I in 7 internal directions decreases rapidly during 1 ≤ τ < 2. The deflation ends naturally when quantum corrections are negligible and the ratio of the scale factor behaves like b(τ )/b I ∼ τ Finally let us examine the slow roll parameter ǫ = −Ḣ/H 2 , which is one of the important parameters for the inflationary cosmology. The inflation lasts during ǫ < 1. The explicit form of the function is given by
if we neglect higher order terms of O((ΓH 6 I ) 2 ) in H(τ ). The plot of the slow roll parameter (23) is shown in fig. 3 . From this we see that the inflation ends around τ = 2 because the slow roll parameter ǫ becomes almost 1 there. 
Analyses of (d + 1) Dimensional Spacetime
In the previous section, we obtained inflationary solution in 4 dimensional spacetime. Then it is natural to ask whether it is true or not in other dimensions. 
The plots of the above are shown in fig. 4 . The scale factor is expanding for each case, but it does not represent the inflationary expansion. expressions for the scale factors are given by
Note that the definitions of τ depend on d. Also parameters H I can be chosen arbitrary for each d. The e-folding numbers are defined by the coefficients of (1 − 1 τ 6 ) in the exponentials, and we will fix ΓH 6 I for d = 2, · · · , 9 by setting the e-folding numbers to be 60. That is, we set 
Conclusion and Discussion
In this paper we have investigated inflationary cosmology in M-theory. In the low energy limit, the M-theory is approximated by the 11 dimensional supergravity. If we take into account quantum corrections, however, the 11 dimensional supergravity is corrected by quartic terms of the Weyl tensor at the leading order. We have divided 10 spatial directions into d spatial ones and (10 − d) internal ones with different scale factors, and investigated the effects of the quantum corrections to the cosmological evolution.
In the low energy limit, the solution represents that d spatial directions slowly expand and (10 − d) internal directions gradually shrink. This qualitative aspects can be understood naively by the dimensional analysis. Namely the Hubble parameter behaves like W ∼ H 2 ∼ τ −2 , so the scale factor does like log a ∼ log τ . This does not match with the inflationary cosmology, and it is consistent with the no-go theorem which states that it is difficult to realize accelerated expansion of Universe in the low energy limit of the string theory [50, 51, 52] .
If we correct the 11 dimensional supergravity by adding W 4 terms, the Hubble parameter is modified like H 2 ∼ τ −2 (1 + Γτ −6 ) 2 , so the scale factor behaves like log a ∼ log τ + Γτ −6 up to the linear order of Γ. Then the quantum corrections give exponential expansion of the scale factor when τ is close to 1. And the inflation naturally ends when the quantum corrections are negligible compared to the classical supergravity part. This is also true for the internal directions. The scale factor for the internal directions rapidly deflates around τ are rather special and do not receive quantum corrections, hence there are no inflationary solutions.
As a future work, it is important to examine other cosmological parameters for the case of d = 3. We will introduce the fluctuations around the background metric, and evaluate the spectral index n s and the tensor to scalar ratio r to compare them with observations. It is necessary to compare our results around τ ∼ 1 with those in the refs. [36, 37, 38, 39, 53] .
If the results are compatible with each other, it is possible to seek the inflationary solutions by using simpler metric ansatz of e Ht and e Gt . It is also interesting to apply the analyses of this paper to the heterotic superstring theory with nontrivial internal space, which contains R 2 corrections [54] , and reveal several problems in string cosmology [55] .
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The authors would like to thank Hiroyuki Abe, Takanori Fujiwara, Keisuke Izumi, Sergei V. A The derivation of eq. (8) In this appendix, we derive the eq. (8). First, it is straightforward to evaluate the Weyl tensor by using the ansatz (7). We define
and m, n = d + 1, · · · , 10, and those are written as
Of course, W 1 and W 2 are exchanged each other if we exchange H with G and d with (10−d).
This is also true for W 3 and W 5 .
Second, let us evaluate
Each term in the Z is calculated as follows. Note that i, j are summed from 1 to d, and m, n are summed from d + 1 to 10, and a, b, c, d, e, f, g, h are summed from 0 to 10 below. 
Combining the above results, Z which is defined by the eq. (6) 
Third, let us evaluate X abcd which is defined by the eq. (4 (34), we see that nonzero components of X abcd are X 0i0i , X 0m0m , X ijij , X imim and X mnmn . Then these are calculated as follows. 
and nonzero components are calculated as follows. Finally, combining the eqs. (33), (51) and (52), we obtain Γ dependent part in the eq. (8).
